A method for constructing generalised residual designs  by Lloyd, C.E
JOURNAL OF COMBINATORIAL THEORY, Series A41, 11-20 (1986) 
A Method for Constructing Generalised 
Residual Designs 
C. E. LLOYD 
Department of Pure Mathematics, University College of Wales, 
Aberysywyth, Dyfed SY23 3BZ, United Kingdom 
Communicated by the Managing Editors 
Received February 15, 1984 
1. BASIC RESULTS 
A t-design rc with parameters t - (u, k, A) is a finite incidence structure 
with u points and k points on each block such that any t-subset is con- 
tained in exactly 1 blocks. Incidence between a point P and a block d is 
denoted by P 1 d or d 1 P. We usually denote by b the number of blocks 
of 17. 
A block p of a t-design (t > 1) is said to be repeated x times if there exists 
exactly x blocks d such that Cp] = [d], w h ere [d] denotes the set of points 
incident with d. We say that p and d are conjugate blocks and that the 
repetition number of p is the integer x. 
A theorem due to Mann [6] states that in a 2 - (a, k, 1) design I7 with b 
blocks, b/u is an upper bound on the repetition number of any block. If this 
upper bound is achieved for a block c, then we call c a max block of Z7. 
For basic results and definitions of design theory see Dembowski [3]. 
2. GENERALISED QUASI-RESIDUAL DESIGNS 
A symmetric design l7 is a 2 - (u, k, 2) design with b = u. In this case, any 
two blocks of 17 intersect in exactly 1 points and conversely [3]. Hence, 
deleting a block and all its incident points gives rise to a 
2 - (u-k, k - A, A) design called a residual design. 
A max block of a 2 - (u, k, A) design has constant intersection number 
Ak/r with all its nonconjugate blocks [6]. Thus, as in the symmetric case, a 
2 -design may be constructed by removing a max block, its conjugates 
and all its incident points. 
We call a design obtained in this way a residual design of index t = rJk; a 
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quasi-residual design of index t has the parameters of a residual design of 
index t. Note that if the index t = 1 then the design ZZ is symmetric. 
The generalisation of residual designs described above was introduced by 
Shrikhande and Singhi [7] who also give necessary conditions for quasi- 
residual designs t 3 1 to be residual. Their result is a generalisation of the 
Hall-Connor theorem on embeddability of quasi-residual designs [4]. 
Quasi-residual designs of index t > 1 can be constructed by taking the 
sum of quasi-residual designs of index 1, as described below. 
Let 17, be a quasi-residual 2 - (u, k, A) design and denote by Ai the 
incidence matrix of 17, (i = 1, 2,..., t). Then, clearly [A, A,. . . A,] is an 
incidence matrix of a 2 - (u, k, At) design Z with rt blocks on each point. 
Since 17, is quasi-residual r - A= k holds, and thus At - rl = to. - r) = tk. 
Hence, Z is a quasi-residual design of index t > 1. 
3. CONSTRUCTION 
In this section we describe a method for constructing quasi-residual 
designs of index 1; using an alline plane I7 of order n > 1 we obtain a 
2 - ((n + 1 )‘, n + 1, n - 1) design C. We prove that any design C obtained 
in this way is not a sum of afftne planes of order n + 1, but is a resolvable 
and residual design which can be embedded in a 2 - (n’+ 3n + 3, 
n + 2, n - 1) design with a max block. We also show that nonisomorphic 
affine planes of order n > 1 give rise to nonisomorphic 2 - ((n + l)‘, 
n+ 1, n- 1) designs. 
Let n be a 2 - (n*, n, 1) afllne plane and L and M be two parallel classes 
of I& L #A4 where L = (ii, I, ,..., I,,} and A4 = {m,, m, ,..., m,}. Then every 
point of l7 is in the intersection of a unique line from L and a unique one 
from M. Denote the point of intersection of li and mj by fimj, for 1 < i, 
j<n. 
We define an incidence structure C on the point set of I7 with 2n + 1 new 
points co, ai, a2 ,..., a,, /II, f12,..., 0,. The blocks of C are of two types: 
Type 1 blocks are the subset of points 
1 ~0, a,, a2,..., a,), iah 813 P2m a,>, 
{a,} uli and {pi> umj (for i= 1,2,..., n) 
each repeated n - 1 times. 
Type 2. For any 1~ i < n and each block k of l7, k 4 L, M, the subsets of 
points 
{co}uk and b-4 u (k\limj) u {Bj), 
where limj is the point of li incident with k, are the type 2 blocks of Z. 
GENERALISED RESIDUAL DESIGNS 13 
THEOREM 1. With the notation introduced above let 
Lo= { 00, PI, Bz,..., S,}; MO = {co, aI, az,..., a,}; 
Li= {ai} uli and Mi= (pi}um, for 1 <i<n. 
Clearly, C has (n + 1)’ points and there are exactly n + 1 points on each 
block. 
Now we need show only that any pair of points P, Q say of C is on 
exactly n - 1 blocks. 
There are four cases to consider: 
(1) Clearly, if P and Q are both in Li or Mi for some 1~ i 6 n, then 
they are incident together with exactly n - 1 blocks of C. 
(2) Q = I,m,, for some 1 Gi, j< n and P is a new point, P#ai, 
P # /Jj. First, suppose P E MO. There are exactly n - 1 blocks k, say of 17 
such that Q is incident with k. Now if P = co, then clearly the only blocks 
incident with both P and Q are {cc } u k. Therefore P and Q are together 
incident with n - 1 blocks in Z. 
Suppose that P # co. Then P = a, for some x # i, 1 < x < n. Now for each 
block k of II on Q there is exactly one point I,m,, say in I, incident with k 
in II. Since x # i, l,Tm,, # Q. There are exactly n - 1 choices for k and thus, 
there are precisely n - 1 blocks {a,} u (k\l,m,) u (/Iv} incident with both 
P and Q in .Z. 
Suppose now that P = fi,, x #j. Then fi,Y and l,m, are both on blocks of 
the form 
{a,> u (k\l,,m.Ju {IL}, 
where k is a block of 17 on l,m, meeting m, in the point lYm, (1 < y Q n, 
y # i). 
For each y (1 d y 6 n, y # i) there is exactly one block k in 17 incident 
with l.“rn, and l,m,. Therefore, there are n - 1 possible blocks k of II such 
that k is on l,mj and l,m,, for some 1 d y < n, y # i, and thus, exactly n - 1 
blocks of Z on both /I, and l,m,. 
(3) Next we consider Q = limj and P= lxmy, for some 
1 <i,jx, ydn, i#x, j#y. 
The blocks of Z incident with both these points are {co} u k and, for 
p = 1, 2,..., n, p#i,x, {a,}u(k\l,m,)u{~,} (l<q<n), where k is the 
block of I7 incident with both l,mj and l,m,. It follows that there are 
exactly (n - 2) + 1 = n - 1 blocks of C on both limj and l,my. 
(4) Finally we consider P and Q both new points different from co. 
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Let P = cli and Q = /I,, for some 1 d i, j < n. Then, the only blocks of 2 on 
both these points are 
Ca;> ” tk\[im,) u {B, 13 
where k is a block of 17 on the point I,m, (k 4 L, M). There are exactly 
n - 1 choices for k and thus exactly 12 - 1 blocks of Z on both P and Q. 
It follows that there are exactly n - 1 blocks on any pair of points P, Q 
of C. This completes the proof of the theorem. 
It is interesting to note that the construction applied to an afline plane of 
order 2 gives an affine plane of order 3. 
We note that although an afline plane of order n + 1 may not exist, the 
construction implies the existence of a 2 - ((n + 1)2, n + 1, n - 1) design, if 
there is an afline plane of order n (n > 1). For example, using an affine 
plane of order 5 we can construct a 2 - (36,6,4) design; the Bruck-Ryser 
theorem [l] proves the nonexistence of an afline plane of order 6. It 
follows that the 2 - (36,6,4) constructed is not a sum of affine planes of 
order 6. 
DEFINITION. Let r and d be l-designs defined on the same point set. 
Then A is a subdesign of r if the blocks of A are blocks of r. If r is a 
1 - (u, k, r) design then A is a 1 - (u, k, S) design for some 0 < s < r. Clearly, 
any l-design is a subdesign of itself and in this case s = r. If s < r, then 
A # r and we say that A is a proper subdesign of K A 2-design r is said to 
be reducible if there exists a proper subdesign A of r which is a 2-design. 
Otherwise I’ is irreducible. 
Let Z, be a subdesign of Z. Then a block k of 17 is extended to ai 
(I< i < n) in C, if (ai} u (k\limj) u (/Ij} is a block of Z1 for some 1 <j d n. 
Similarly k is extended to cc in ,Z’, if k u (co } is a block of C,. 
Notation. We sometimes write cq, or /I0 for cc and let 
I,= {j,,, pi, /I2 ,..., S,} and mO= {a,, tli, a2 ,..., a,} so that I,m,=~i and 
Zjm,=aj (O<i,jQn). 
We say that a parallel class P of n induces blocks of Z, on ai if every 
block of B is extended to ai in C, (0 < i < n). 
Next we show that any 2 - ((n + 1)2, n + 1, n - 1) design Z constructed 
as above is irreducible. This result follows a series of lemmas. 
LEMMA 2. Any subdesign r of an affine plane JJ of order n > 1 is an 
affine l-design. 
Proof: n is a 2 - (n2, n, 1) design and therefore r is a 1 - (n2, n, s), for 
some O<s<n+ 1. 
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Let d be any block of r and denote by xi the number of blocks inter- 





which gives x0 = n - 1. It follows from this that r is resolvable and since 
nonparallel blocks intersect in exactly one point, f is an affine l-design. 
LEMMA 3. Let n(i) be the structure whose points are the points of x:, 
excluding points of M,, and L,; blocks of n(i) are the type 2 blocks of C 
incident with ai (0 < id n) and the blocks l,, mh (0 <j, h 6 n, j# i). Then 
fl(i)rfl. 
ProoJ: Define a map 6 of the point set of 17 onto the point set of L!(i) 
by 
Nym,,) = Lmv, for 1 <x<n,x#i 
and 
d(limj) = Pi, j#O. 
It can be shown that q4 induces a map of the blocks of 17 onto the blocks of 
IL(i). Further, this mapping preserves incidence and is therefore an 
isomorphism of 17 onto n(i). 
LEMMA 4. Let C, be a subdesign of C with parameters 
2 - ((n + 1)2, n + 1, x), 0 <x < n - 1. Let T(i) be the structure whose points 
are the points of n(i) and blocks are the type 2 blocks of x1 on the point ai, 
0 6 i < n. Then, f(i) is an affine 1 - (n’, n, x). 
Proof Clearly f(i) has n2 points and there are n points on each block. 
Since C, is a 2-design with I =x, there are exactly x blocks on ai and lsm, 
for all 1 <s, t 6 n, in 2, ; further, each of these blocks is a type 2 block. It 
follows from the definition of T(i) that T(i) is a l-design. 
Therefore T(i) is subdesign of IT(i) and so, by Lemma 3, r(i) is affine. 
It follows immediately from the lemma that 
COROLLARY 1. Given any parallel class 9 say, of n, the number of 
points to which a block of 9 is extended is a constant dependent only on P. 
582a/41/1-2 
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COROLLARY 2. Given any point C(~ (0 d i d n), there are exactly x parallel 
classes of n whose blocks are extended to ai in C, . 
ProoJ: Obvious, noting that T(i) is a 1 - (n’, n, x) resolvable design 
(O<i<n). 
Unless stated otherwise, we now take C, to be a subdesign of Z with 
parameters 2 - ((n + 1 )*, n + 1; x) for some 0 < .Y 6 n - 1. 
Note. Each of the blocks Lj and Mi (i= 0, 1, 2,..., n) meets every non- 
conjugate block in exactly one point. Since C, is a 2-design with x blocks 
on any pair of points, this implies that x conjugates of each of Li and Mi 
(i = 0, l,..., n) are blocks of C,. 
Next for any pair of points l,m,, lsmr (l<i,j,s, t<n; i#s,j#t) on a 
block k of ZZ, we find the number of blocks of C, on both these points in 
terms of the number of points ~1, (0 <y < n) to which k is extended in Z,. 
LEMMA 5. Let limj and lsmt be two points of C, (1 < i, j, s, t $ n, i # s, 
j# t) and suppose that they are both incident with a block of the parallel 
class 9 of n. Then the number of blocks of x1 on both l,m, and lsm, is 
p ifthe blocks of 9 are not extended in L, to @-ior ~,, 
u - 1 if the blocks of 9 are extended in C, to one of ui or u,, 
u - 2 if the blocks of 9 are extended in c, to clianda,, 
where u is the number of points cli (0 < i < n) to which the blocks of 9 are 
extended in x1. 
Proof Let key be the block of II on both the points limj and lsmr. 
Then the blocks of Z, on these points are of the form 
where ag is a point to which blocks of 9 are extended, l,m, is the point of 
L, incident with k and g # i, s. Using the fact that blocks of P? are extended 
to exactly p of the points cli (0 6 i < n) in Z, , the result follows easily. 
LEMMA 6. The blocks of any given parallel class 9 ( # L or M) of n are 
either extended to each of the points cli (1 6 i < n), 
or are extended to each of the points cli (0 < i < n), 
or are extended to the point c(,, = CC only, 
inc,. 
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Proof Denote by p the number of points ai (0 < i < n) to which blocks 
of 9 are extended in C,. 
Let k be any block of 9 and suppose that iimj, Ivmz, and lsm, are the 
points incident with k in Li, L,, and L,, respectively, for some i, y, s 
(1 <i,y,s<n, i#y#s). 
There are three cases to consider: 
(1) 9 induces blocks of C, on exactly two of the points ai, ay, a,, 
(2) 9 induces blocks of .Z, on just one of the points a;, ay, a,, 
(3) 9’ induces blocks of C, on each of the points ai, a,,, a, or on none 
of these points. 
In cases (1) and (2) Lemma 5 can be applied to find the number of 
blocks on the pair of points Z,m,, E,.m,; I,m,, lsmr and lymr, l,m,. In both 
these cases the number of blocks on these pairs of points is not a constant 
and thus we obtain a contradiction of the fact that C, is a 2-design. 
Therefore case (3) above is the only possibility. 
Every block of 9 meets each block Li (1 Q i < n) in exactly one point and 
so (3) holds for any triple of points ai, a,, a,. Hence, the blocks of 9 are 
either extended to each of the points ai (1 <i< n) or to none of these 
points. 
It is easily shown that if the latter holds, the block k and thus each block 
of P? must be extended to co in Z’, , for otherwise x = 0. 
COROLLARY 1. If C, fs a proper subdesign then no parallel class of JJ 
induces blocks of C, on each of the points ai (i=O, 1,2,..., n). 
Proof: With the notation of the lemma, suppose 9 induces blocks on ai 
(i = 0, 1, 2 )...) n) in C, . Then, using Lemma 5, any pair of points limj, Zsm, 
are on exactly n - 1 blocks together in C,. Thus, C1 is a 
2 - ((n + l)*, n + 1, n - 1) design and is therefore not a proper subdesign of 
c. 
COROLLARY 2. With the notation of the lemma, 
.u=n ifandonlyifx=n-2 
p=l ifand only ifx = 1. 
Proof: Follows immediately from the proof of Lemma 5 and Lemma 6. 
COROLLARY 3. Unless n = 3, the number of points to which blocks of 9 
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are extended in Z’, is independent of 9 and is therefore a constant. p = 1 ij 
and only $ all blocks of IT are extended to the point CC onlwv in C, ; p = n tf 
and only if all blocks of II are extended to cli (i # 0) in ,Z, ; p = n + 1 if and 
only if C, = C. 
Proof It is easy to see that the first part of the corollary holds if C, is 
not a proper subdesign of C. Consider now ,Z‘, a proper subdesign of C and 
suppose that there exists a parallel class of 17 which induces blocks of Z, 
on the point co only and a parallel class which induces blocks of C, on 
each of the points cli (1 6 i< n). Then, by Corollary 2, x = n - 2 = 1 and 
hence n = 3. This completes the proof of the first part of the corollary. The 
second part follows using Corollary 2 and Lemma 5. 
THEOREM 7. The 2 - ((n + 1 )*, n + 1, n - 1) designs C constructed above 
are all irreducible for n > 3. 
Proof. Assume that there exists a proper subdesign C, of C. Then, 
either blocks of l7 are extended to the point cc only in Z, or are extended 
only to each of the points tli, q,..., ~1, (Corollary 3 of Lemma 6). But both 
these cases contradict Corollary 2 of Lemma 4. Therefore the assumption 
that there exists a proper subdesign of C was incorrect. The result follows. 
Notation. In addition to the notation introduced above, for 
i = 0, 1, 2 ,..., n, denote by Li(s) and Mi(s), s= 1,2 ,..., n- 1, the n- 1 con- 
jugates of, respectively, Lj and Mi different from Li and Mi. Define (n + l)- 
subsets of blocks X, and Y, by 
X, = { L,(s): i = 0, 1, 2 ,..., n}, 
Y,y= {Ali( i=O, 1,2 ,..., n), 
for s = 1, 2 ,..., n - 1. 
Denote by Pi the parallel classes of 17 different from L and M and let 6, 
(j = 1, 2 ,..., n) be the blocks of P, (i = 1, 2 ,..., n - 1). 
Let k be any block of IZ meeting Li at the point l,mj, say, for some 
1 <j d n. Then denote by { crj} u k(j) the extension of k to the point C(~ in Z, 
where k(j) = (k\l,mj) u {/?,} (i= 1,2 ,..., n). 
Corresponding to every type 2 block (cc > u b, of C we define a block 
class cii by 
cij= {{w}ub,, {cc,)uk(x’): 1 <x<n}, 
where I,,. is the point at which b, meets L, and k is the block incident with 
lXmX, in the parallel class Pi+ 1 (i = 1, 2 ,..., n - 2) or P, (i = n - 1). 
It is then straightforward to show that Lemma 8 (see [5]). 
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The blocks of cij are mutually disjoint. Further the block classes cii par- 
tition the type2 blocks of C (1 <idn-- 1, 1 <j<n). 
Clearly, the subsets of blocks A’, and Y, partition the type 1 blocks into 
subsets of mutually disjoint blocks. Together with the above lemma, this 
implies: 
THEOREM 9. The 2 - ((n + 1 )2, n + 1, n; 1) designs C constructed are 
resolvable. 
The next corollary follows immediately from the corollary of 
Theorem 4.6 in [S] and Theorem 9. 
COROLLARY 1. ,E is a residual design which is embeddable in a 
2 - (n* + 3n + 3, n + 2, n - 1) design. 
COROLLARY 2. Zf n - 1 is the order of an affine plane then there exists a 
2-(n*+n+l,n+l,n)designwithamaxblock. 
In particular, for any prime power p and integer m > 0, there exists a 
2 - (p’” + 3~“’ + 3, pm + 2, pm + 1) design with a max block. 
Proof The first part follows immediately form Corollary 1. For any 
integers p and m 2 0, with p a prime power, there exists an affine plane of 
order pm, namely A,,-, (m, p). The construction then implies the existence 
of a resolvable 2 - ((pm + 1 )2, pm + 1, p” - 1). By Corollary 1, there exists a 
2-(p2”+3p”+3,p”+ l,p”- 1) with a max block. 
We now find properties of the automorphism group of C. For detailed 
proofs of the following results refer to [S]. 
Clearly, since type 1 blocks of C are the only nonsimple blocks, these 
must be permuted amongst themselves. Thus, type 2 blocks of C must also 
be permuted by any automorphism. 
It has been shown (Lemma 3) that ZZ(i)g 17 (i = 0, 1, 2,..., n). Similarly, it 
is not difficult to show that the structure whose points are the points of Z 
except for PO, B1 ,..., PM and blocks are the type 2 blocks of Z, is also 
isomorphic to Z7. This implies that type 2 blocks of Z incident with ai or pi 
(0 6 i < n) have special block intersection properties. It can be easily shown 
that these properties do not hold for type 2 blocks on Z.Xm-V for any 
1 < x, y <n. Thus, any automorphism of C either interchanges the subsets 
of points { aO, a1 ,..., a,} with {A, B1 ,..., a,> or fixes them. Together with 
the fact that type 1 blocks are permuted by any automorphism of C, the 
next theorem can be easily proved. 
THEOREM 10. Any automorphism of C for n > 3 induces an 
automorphism of ZZ which either fixes both the parallel classes L and M or 
interchanges them. 
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It is not diflicult to prove the following result, which is a partial converse of 
this theorem. 
LEMMA 11. Any automorphism IJI, say of II which permutes the parallel 
classes L and M induces a permutation q5 say, of the points of C such that for 
any block d of C, the (n + 1)-subset of points [4(d)] is also a block of C. 
COROLLARY 1. Let L, M and L’, M’ be two pairs of parallel classes of I7 
giving rise to Z and C’. Then, 2r.Z’ tf and only tf there is an automorphism 
of IT mapping {L, M} onto {L’, M’}. 
Remark. Denote by L’(n) and L(Z7’) two 2- ((n+ l), n+ 1, n - 1) 
designs constructed from I7 and Z7’. It follows easily from the remarks in 
the paragraph preceeding Theorem 10, that if I7 G!G 17’ then L(n) z L’(Z7’). 
The remark implies that the construction described here can be applied 
to nonisomorphic afline planes of order n > 1, to give nonisomorphic 
2 - ((n + 1 )2, n + 1, n - 1) designs. For example, there are 21 non- 
isomorphic 2 - (81,9, 1) aff’ine planes, and thus the construction yields at 
least 21 nonisomorphic resolvable 2 - ( 100, 10, 8) designs. 
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